Abstract. For a complete metric space M , we prove that the finitely supported extreme points of the unit ball of the Lipschitz-free space F(M ) are precisely the elementary molecules (δ(p) − δ(q))/d(p, q) defined by pairs of points p, q in M such that the triangle inequality d(p, q) < d(p, r) + d(q, r) is strict for any r ∈ M different from p and q. To this end, we show that the class of Lipschitz-free spaces over closed subsets of M is closed under arbitrary intersections when M has finite diameter, and that this allows a natural definition of the support of elements of F(M ).
Introduction
Let Lip 0 (M ) denote the space of real-valued Lipschitz functions on a pointed metric space (M, d) (i.e. one with a designated base point) that vanish at the base point, endowed with the Lipschitz norm
Then Lip 0 (M ) is a dual Banach space and the map δ that assigns to each x ∈ M its evaluation functional δ(x) : f → f (x) embeds M isometrically into Lip 0 (M ) * . Moreover, these functionals span a space F(M ) = span δ(M ) that can be canonically identified with a predual of Lip 0 (M ). The spaces F(M ) were prominently featured as "Arens-Eells spaces" in the authoritative monograph [18] due to Weaver. Later, the study of their applications in nonlinear geometry of Banach spaces was initiated in [13] by Godefroy and Kalton, who also introduced the name Lipschitz-free spaces based on their universal property. We refer to [18] for basic facts on Lipschitz and Lipschitz-free spaces, and to the survey [12] and the references therein for more recent progress in understanding their Banach space properties.
The linear structure of Lipschitz-free spaces is not straightforward to analyze and has been the subject of vigorous recent research efforts. In particular, the extremal structure of their unit ball has not yet been completely described. The first important step in this direction was Weaver's proof that any preserved extreme point of B F (M ) must be an elementary molecule [19] , that is, an element of the form u pq := δ(p) − δ(q) d(p, q) for some p = q ∈ M ; note that u pq = 1. This allows us to restate the problem of characterizing certain types of extreme points as finding equivalent geometric conditions on pairs of points p, q in M . It is easy to see that one such necessary condition is that the metric segment Progress in this direction was mostly stalled until very recently. In [10] , García-Lirola, Procházka and Rueda Zoca gave a complete geometric characterization of the strongly exposed points of B F (M ) (see Theorem 2.2(b)). In [1] , the first author and Guirao gave a similar geometric characterization of preserved extreme points (see Theorem 2.2(a)), and asked whether extreme points could be described analogously. In particular, they asked if it is true that u pq is extreme if and only if [p, q] = {p, q} [1, Question 1]. The answer is positive when M is compact by [1, Theorem 4.2] . Concurrently, García-Lirola, Petitjean, Procházka and Rueda Zoca proved in [9] that all preserved extreme points of B F (M ) are denting points, and gave a positive answer to [1, Question 1] for bounded, uniformly discrete M .
Our main result in this note is that the answer to [1, Question 1] is positive for any complete metric space M , that is: Theorem 1.1. Let M be a complete pointed metric space and let µ ∈ F(M ) be finitely supported, i.e. µ ∈ span δ(M ). Then µ is an extreme point of B F (M ) if and only if µ = u pq for distinct points p, q in M such that [p, q] = {p, q}.
The proof relies on a refinement of the methods used in [1] for obtaining the characterization of preserved extreme points, but an additional key observation is required: the fact that the class of Lipschitz-free spaces over closed subsets of M , considered as subspaces of F(M ), is closed under intersections when M is bounded (Theorem 3.3). We prove this by considering the algebra structure of Lip 0 (M ) -we show that the w * -closure of any ideal in Lip 0 (M ) is also an ideal and appeal to results in [18, Chapter 4] . As another consequence of this fact we show that, for a bounded M , the support of any element of F(M ) can be defined in a natural way.
Preliminaries
We will now briefly describe the notation used throughout the text. M will be a complete pointed metric space with metric d. We will write diam(M ) for the (possibly infinite) diameter of M , and denote
for p, q, x ∈ M . Note that ε(x; p, q) ≥ 0, and ε(x; p, q) = 0 if and only if x ∈ [p, q]. We will also consider the Stone-Čech compactification βM of M and the fact that any real-valued continuous function on M may be extended continuously and uniquely to a function on βM , possibly by adding ±∞ to its range. In particular, for ξ ∈ βM and p, q ∈ M , d(ξ, p) and ε(ξ; p, q) are well-defined values in [0, ∞]. Moreover, by an argument given in the proof of Proposition 2.1.6 in [18] , inf p∈M d(ξ, p) > 0 for any ξ ∈ βM \ M .
For any subset N of M , it is well known that any element of Lip 0 (N ) may be extended to an element of Lip 0 (M ) without increasing its Lipschitz norm or its supremum, and that F(N ) can be identified with a subspace of F(M ), namely the closed space spanned by δ(x) for x ∈ N (see e.g. [12] ).
We will also use the following known fact about representation of elements of F(M ). We include a proof for the sake of completeness.
Lemma 2.1. Let M be a pointed metric space and µ ∈ F(M ). For every ε > 0, there exist sequences (a n ) in R and (p n ), (q n ) in M , with p n = q n for all n ∈ N, such that µ = ∞ n=1 a n u pnqn and ∞ n=1 |a n | < µ + ε. Proof. Let µ ∈ F(M ) and ε > 0. By Lemma 3.100 in [7] , there exists a sequence
Since the F(M )-norm on span δ(M ) can be computed by the formula
for each ν ∈ span δ(M ) (see Section 2 in [2] ), for each n ∈ N we can find a representation
We re-index the sequences (a
Hence (a j ) ∈ 1 and the series
Indeed, for any ξ > 0 find N ∈ N such that for every m ≥ N we have that
where m ∈ N satisfies
Given a Banach space X, its closed unit ball will be denoted by B X , and the evaluation of a functional x * ∈ X * at x ∈ X by x, x * . We will consider the following types of extremal elements of B X : a point x ∈ B X is (i) an extreme point of B X if there are no y, z ∈ B X \{x} such that x = 1 2 (y+z).
(ii) an exposed point of B X if there exists x * ∈ X * such that x * = 1 and x is the only element of B X such that x, x * = 1. (iii) a preserved extreme point (also called w * -extreme point) of B X if it is an extreme point of B X * * . (iv) a denting point of B X if there are slices of B X (i.e. sets of the form {y ∈ B X : y, x * > α} for some x * ∈ X * and α ∈ R) of arbitrarily small diameter containing x. (v) a strongly exposed point of B X if, for any pair of sequences (y n ) and (z n )
in B X such that
All of these elements have norm 1, and the implications (v)⇒(iv)⇒(iii)⇒(i) and (v)⇒(ii)⇒(i) hold. For further reference see e.g. [14] . We will denote the set of extreme points of B X as ext B X . Note also that the above concepts are invariant with respect to linear isometries and that a change of the base point in M induces a linear isometry between the corresponding Lipschitz and Lipschitz-free spaces which preserves the elementary molecules. Therefore we may (and will) adapt the base point of M without loss of generality.
The following statement describes the geometric characterizations of preserved extreme, denting, and strongly exposed points of B 
There are several settings where one may apply the above criteria to show that u pq must be preserved extreme or even strongly exposed whenever [p, q] = {p, q}, which are easy consequences or variations of known results but are not stated explicitly anywhere to the best of our knowledge. We collect them in Proposition 2.3. Recall that a metric space M has the Heine-Borel property (we also say that M is proper ) if the closed balls in M are compact, and that M is ultrametric if d(x, y) ≤ max {d(x, z), d(y, z)} for any x, y, z ∈ M . Recall also the following definition from [9] : a predual of F(M ) is natural if it induces a w * -topology such that
Proposition 2.3. Let M be a complete pointed metric space, and let p, q be distinct points of M such that [p, q] = {p, q}. Then u pq is a preserved extreme point of B F (M ) in these cases:
(a) M has the Heine-Borel property, (b) F(M ) has a natural predual, and it is a strongly exposed point of B F (M ) in the following cases:
Proof. (a) This is an easy extension of the compact case that was proved in [1, Theorem 4.2] . Indeed, suppose that u pq is not a preserved extreme point of
, we may assume that (x i ) is bounded. The Heine-Borel property then implies that (x i ) has a cluster point x ∈ M that is different from p, q and
As in case (a), if u pq is not preserved extreme then there is a bounded net (x i ) in M that converges to ξ ∈ βM \ {p, q} and such that d(p,
) is a bounded net in F(M ) and so we may replace it by a w * -convergent subnet. Since F(M ) has a natural predual, there is
. By w * -lower semicontinuity of the norm of F(M ) we get
so all inequalities are in fact equalities. In particular,
(c) Let x ∈ M \ {p, q} and recall the following general property of ultrametric
). Now distinguish three cases:
. In all cases (1) is satisfied with C = 1, so u pq is a strongly exposed point of B F (M ) by Theorem 2.2(b).
We remark that in an ultrametric space, the condition [p, q] = {p, q} is true for any pair of points p, q, so all elementary molecules are strongly exposed.
(d) By [5, Theorem 5] , M is a negligible subset of an R-tree T containing all branching points of T . Let 0 denote the root of T and assign it as the base point
So assume that p ≺ q and let x ∈ M \ {p, q}. Distinguish three cases:
• If q ≺ x, then q ∈ [p, x] and so ε(x; p, q) = 2d(q, x).
• If x ≺ p, then p ∈ [x, q] and so ε(x; p, q) = 2d(p, x).
• Otherwise, let r = p ∧ x, then r ∈ [x, p] ∩ M because it is a branching point, and also r ∈ [x, q], hence ε(x; p, q) = 2d(p, x). So (1) is satisfied with C = 1/2 and the conclusion follows by Theorem 2.2(b).
Intersections of free spaces
Recall that Lip 0 (M ) is an algebra under pointwise multiplication if (and only if) M is bounded. Indeed, for any f, g
An ideal in Lip 0 (M ) is a subspace Y (not necessarily closed) such that f g ∈ Y for any f ∈ Y and g ∈ Lip 0 (M ). Following Chapter 4 in [18] , for any set K ⊂ M that contains the base point let us define
Notice that H(I(K)) = K for any closed K ⊂ M , as witnessed by the Lipschitz
We show next that an element of F(M ) endowed with a weight is again an element of F(M ).
Lemma 3.1. Let M be a bounded pointed metric space, µ ∈ F(M ) and let
Proof. It is clear that µ • g is a linear functional, and it follows immediately from (2) that
Hence µ • g ∈ Lip 0 (M ) * . Now let (f i ) be a bounded net w * -converging to an f in Lip 0 (M ). Since w * -convergence agrees with pointwise convergence in bounded subsets of Lip 0 (M ), it is easy to verify that then also (f i g) w * -converges to f g. Therefore lim
So, by the Banach-Dieudonné theorem µ • g is w * -continuous and it belongs to F(M ).
Using these "weighted elements" of F(M ), we can show that the w * -closure of any ideal in Lip 0 (M ) is again an ideal. Specifically: Proof. Let f ∈ Y w * , g ∈ Lip 0 (M ) and h = f g, and let U ⊂ Lip 0 (M ) be a w * -neighborhood of h. Then U contains a w * -neighborhood V of the form
where µ n ∈ F(M ), ε > 0, and N ∈ N. Consider the set
where µ n • g are as in Lemma 3.1. Then W is a w * -neighborhood of f , so there exists φ ∈ Y ∩ W . Let ψ = φg. Then ψ ∈ Y since Y is an ideal, and for any n = 1, . . . , N we have We can now prove the main result in this section: Theorem 3.3. Let M be a bounded, complete pointed metric space, and let {K i : i ∈ I} be a family of closed subsets of M containing the base point. Then
Since span {I(K i ) : i ∈ I} is an ideal in Lip 0 (M ), we may apply Proposition 3.2 to get i∈I
where H = H(span {I(K i ) : i ∈ I}). Now notice that i∈I K i ⊂ H, and for each x / ∈ i∈I K i there exists i ∈ I such that x / ∈ K i , so the function y → d(y, K i ) shows that x / ∈ H. Thus H = i∈I K i and this finishes the proof.
Let us introduce now the notion of a support of an element of a free space pertinent to our context. Definition 3.4. Consider a pointed metric space M with the base point 0. For a µ ∈ F(M ) let the support of µ, denoted supp(µ), be defined as the smallest closed set K ⊂ M such that µ ∈ F(K ∪ {0}), provided such a K exists. That is, for any closed L ⊂ M that contains the base point, µ ∈ F(L) if and only if K ⊂ L.
The conclusion of Theorem 3.3 can be equivalently restated in terms of supports in the following sense. Proposition 3.5. Let M be a pointed metric space. The following are equivalent: (i) If {K i : i ∈ I} is a family of closed subsets of M that contain the base point, then i∈I F(
The support of µ exists for every µ ∈ F(M ).
Proof. Suppose that (i) holds and let µ ∈ F(M ). Let S be the family of all closed sets C ⊂ M such that µ ∈ F(C ∪ {0}), and K = C∈S C. Then µ ∈ C∈S F(C ∪ {0}) = F(K ∪ {0}) so K ∈ S, and K is clearly the smallest element of S, so K = supp(µ). Now assume (ii) and let {K i : i ∈ I} be as in (i). Let µ ∈ i∈I F(K i ), then supp(µ) ⊂ K i for all i, thus supp(µ) ⊂ i∈I K i and µ ∈ F( i∈I K i ). Hence i∈I F(K i ) ⊂ F( i∈I K i ); the reverse inclusion is trivial. We do not know whether supp(µ) exists in general, but Theorem 3.3 and Proposition 3.5 give a class of metric spaces for which it does: Corollary 3.6. If M is a bounded, complete pointed metric space, then the support of µ exists for every µ ∈ F(M ).
Extreme molecules
We now proceed to our main result. Let M be a complete pointed metric space and denote M := (p, q) ∈ M 2 : p = q with the subspace topology of M 2 . The de Leeuw transform Φ assigns to a function f : M → R the function Φf : M → R defined by 
Notice that D pq is a compact subset of β M and that it always contains the points (p, q) and (q, p). In Proposition 3.5 in [1] , the structure of the set D pq was determined in the particular case when there is no ξ ∈ βM such that ε(ξ; p, q) = 0 other than p and q. Here, we generalize this result and show that, informally, D pq lies inside S × S, where S = {ξ ∈ βM : ε(ξ; p, q) = 0} is the "segment in the compactification". Lemma 4.1. For any ζ ∈ D pq there is a net (x i , y i ) in M that converges to ζ in β M , such that ε(x i ; p, q) and ε(y i ; p, q) converge to 0.
Proof. Let ζ ∈ β M , then there is a net (x i , y i ), i ∈ I, in M that converges to ζ in β M , and we may choose a subnet such that (x i ) and (y i ) converge to elements ξ and η, respectively, in βM ; call this subnet (x i , y i ) again. We want to show that ζ ∈ D pq implies that ε(ξ; p, q) = ε(η; p, q) = 0. To do so, we assume without loss of generality that ε(η; p, q) > 0 and we will construct f ∈ B Lip 0 (M ) such that Φf (p, q) = 1 and |Φf (ζ)| < 1. There are three possibilities:
(i) ε(ξ; p, q) > 0.
(ii) ε(ξ; p, q) = 0 but ξ = p, q.
(iii) ξ ∈ {p, q}. Cases (i) and (iii) were dealt with in the proof of Proposition 3.5 in [1] so we will only prove (ii), using a similar technique.
Suppose then that ε(η; p, q) > 0 and ε(ξ; p, q) = 0 but ξ = p, q. Since p, q, ξ, η are all distinct, we may replace (x i , y i ) with a subnet such that the sets {x i : i ∈ I} and {y i : i ∈ I} are disjoint and do not contain p or q. We now claim the following:
Claim. We may replace (x i , y i ), i ∈ I, with a subnet such that
Proof of the claim. Since lim i ε(x i ; p, q) = 0, we may choose a subnet such that d(x i , q) is bounded. We may also either choose a subnet such that d(y i , q) → ∞ or one such that d(y i , q) is bounded. We split the proof into these two cases. Suppose first that we take a subnet such that d(y i , q) ≤ C 1 for some C 1 < ∞ and all i ∈ I. It is easy to check that the identity ε(y; x, q) = ε(x; y, p) + ε(y; p, q) − ε(x; p, q) holds for any p, q, x, y ∈ M . In particular, it implies that ε(y i ; x j , q) ≥ ε(y i ; p, q) − ε(x j ; p, q) for any i, j ∈ I. Since lim i ε(x i ; p, q) = 0 and lim i ε(y i ; p, q) > 0, we may choose a subnet such that ε(y i ; p, q) ≥ δ and ε(x i ; p, q) ≤ δ/2 for some δ > 0, so that
for all i, j ∈ I. Also y i → η = q, hence we may take a subnet such that d(y i , q) ≥ C 2 for some C 2 > 0 and all
for all i, j ∈ I, and similarly d(y i , q)/d(y i , p) ≥ C 2 / (C 1 + d(p, q) ).
Now assume that we take a subnet such that d(
By symmetry in p and q we get
so we may take a subnet where ε(y i ; p, q)/d(y i , q) and d(y i , q)/d(y i , p) are bounded below by a positive constant. Also, since d(x i , q) is bounded, we may choose a further subnet such that d(x j , q)/d(y i , q) ≤ 1/2 for all i, j, and then
Now we continue with the proof of Lemma 4.1. Using the Claim, replace (x i , y i ) with a subnet and choose c > 0 and δ > 0 such that
It is clear that Φf (p, q) = 1, |Φf (x, y)| ≤ 1 for x, y ∈ Z \Y and |Φf (x, y)| ≤ 1−c/2 for x, y ∈ Y . Moreover, if y ∈ Y then Φf (y, q) = 1 − c/2, and for any x ∈ X ∪ {p} we have
Let us now define the set E pq as
such that Φf (p, q) = 1 .
Notice that E pq is a w * -compact and convex subset of the ball of Lip 0 (M ) * and that it contains u pq . The importance of this set lies in the following observation, which goes back to [6] : suppose that u pq is a convex combination of some m, m ∈ B F (M ) , i.e.
hold and so m, f = m , f = 1. It follows that m, m ∈ E pq . Hence, in order to show that u pq is an extreme point of B F (M ) , it suffices to show that E pq ∩ F(M ) = {u pq }. To this end, we start with a generalization of Lemma 3.3 in [1] :
Here, |µ| ∈ C(β M ) * denotes the total variation of µ, as usual.
Proof. Let ζ ∈ K. Then ζ / ∈ D pq so there is an f ∈ B Lip 0 (M ) such that Φf (p, q) = 1 and |Φf (ζ)| < 1 and, since Φf is continuous, there are c ζ ∈ (0, 1) and an open neighborhood V ζ of ζ such that |Φf (ζ )| ≤ c ζ for every ζ ∈ V ζ . Moreover, if
is a measure such that Φ * µ ∈ E pq , then we have
is an open cover of the compact set K, so it admits a finite subcover K ⊂ n j=1 V ζ j . Thus, for any µ ∈ C(β M ) * such that Φ * µ ∈ E pq we have
The following lemma shows that if u pq is a convex combination of two elements m, m of the unit ball, then m, m must be supported on the segment [p, q]. Proof. Let π 1 , π 2 : M → M be the projection mappings given by π 1 (x, y) = x and π 2 (x, y) = y. For a set A ⊂ M , denote π(A) = π 1 (A) ∪ π 2 (A), i.e. π(A) is the set of points of M appearing as either coordinate of an element of A.
Proof of the Claim. Denote N = π(U ∩ M ), and let m ∈ E pq ∩ F(M ) and k ∈ N. By Lemma 2.1, m admits a representation m = ∞ n=1 a n u pnqn where (p n , q n ) ∈ M for all n ∈ N and ∞ n=1 |a n | ≤ 1 + 1/k. Let I = {n ∈ N : (p n , q n ) ∈ U } and m k = n∈I a n u pnqn . Notice that p n , q n ∈ N for each n ∈ I, hence m k ∈ F(N ).
It is easily seen that Φ * δ (x,y) = u xy for any (x, y) ∈ M , where δ (x,y) ∈ B C(β M ) * is the evaluation functional at (x, y) ∈ M . Hence, if we denote µ = ∞ n=1 a n δ (pn,qn) , then µ ∈ C(β M ) * as the series is absolutely convergent, µ ≤ ∞ n=1 |a n | ≤ 1 + 1/k, and Φ * µ = m.
Denote K = β M \ U and let C be the constant assigned to K by Lemma 4.2. For each f ∈ Lip 0 (M ) we have
where χ K is the characteristic function of K. So, 
For each n, Lemma 4.1 implies that D pq ⊂ U n , and applying the Claim we get
Since all S n are subsets of S 1 , we have also
. We may therefore apply Theorem 3.3 to the bounded metric space S 1 and obtain
The main result is now an immediate consequence of Lemma 4.3:
Proof of Theorem 1.1. First, let µ be a finitely supported extreme point of B F (M ) and let K ⊂ M be its support. Then µ is also an extreme point of B F (K) , hence preserved extreme in B F (K) , and therefore it must be an elementary molecule u pq by [18, Corollary 2.5.4] . The fact that [p, q] = {p, q} is proven easily, e.g. in Proposition 2.2 in [1] .
On the other hand, assume that [p, q] = {p, q} and suppose that u pq = (i) it is a closed subset of a strictly convex Banach space, (ii) it contains no nontrivial linear segments, (iii) it is "almost metrically convex", i.e. a length space. It follows from (i) and (ii) that M contains no nontrivial metric segments, hence Theorem 1.1 implies that all elementary molecules are extreme points of B F (M ) . However, by (iii) and Proposition 5.9 in [10] , B F (M ) has no preserved extreme point.
Open questions
The main question regarding extremal structure of Lipschitz-free spaces remains open and reads as follows.
Question 1 ([1]). Is every extreme point of B F (M ) an elementary molecule?
By the argument used in the proof of Theorem 1.1, this is equivalent to all extreme points of B F (M ) having finite support. This is known to be true in certain cases where M is bounded and F(M ) is the dual of either the well-known space lip 0 (M ) of "little Lipschitz functions" [18, Section 3.3] or a subspace thereof [9] . This holds, in particular, when M is compact and either countable [3] or ultrametric [4] . However, it is not even known whether the answer to Question 1 is positive under the assumption that M is compact, or that F(M ) is a dual Banach space. Maybe the results of Section 3 of the present note could be helpful for studying the supports of extreme points of B F (M ) for bounded M .
Recall that M is geodesic if every pair of points p, q ∈ M may be joined by an isometric copy of [0, d(p, q)] ⊂ R, and that for complete M this is equivalent to [p, q] = {p, q} for any pair of different points p, q ∈ M [10, Proposition 4.1]. Thus, Theorem 1.1 implies that M is geodesic whenever B F (M ) has no extreme points. A positive answer to Question 1 would show that the opposite implication is also true.
Other extremal objects in B F (M ) which remain uncharacterized at the time of this writing are exposed points. In particular, it is not known whether they must be elementary molecules. It is shown in [9] that all extreme points of B F (M ) are exposed under various circumstances, all of which involve F(M ) being a dual space. Extreme molecules are also automatically exposed (in fact, strongly exposed) in the cases (c) and (d) listed in Proposition 2.3. In view of all these partial results, it is natural to ask: Question 2. Are all extreme points of B F (M ) exposed?
Remark. After completion of the present manuscript, we have learned that Petitjean and Procházka [17] , and independently García-Lirola [8] , have found proofs by which from Theorem 3.3 it follows that every elementary molecule defined by points forming a trivial metric segment is in fact exposed. Thus, a positive answer to Question 1 would also imply a positive answer to Question 2.
Finally, we would like to know whether the existence of supports, or equivalently the intersection property proved in Theorem 3.3, holds for a more general class than bounded metric spaces. We are not aware of any counterexample.
Question 3. Do the properties from Proposition 3.5 hold for any complete metric space M ?
